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Abstract This paper deals with ultrasound medical image processing, particularly to filter the noise while preserving the edges and structures of
information. The mathematical processing consists in solving by a numerical
way a nonlinear evolutive boundary value problem. Several numerical semiimplicit time marching schemes are considered and analyzed. At each time
step, parallel synchronous or asynchronous Schwarz alternating methods are
used to solve the linear system and its convergence is studied. Lastly, the results
of sequential and parallel simulations are presented.
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1 Introduction
The goal of the proposed study is to compute accurate and fast anisotropic
diffusion of images affected by a specific noise, called speckle. This multiplicative and locally correlated noise is due to destructive interference of signals reflected from scatters within a single resolution cell. It is common in
ultrasound and optical coherence tomography medical images. This speckle
reduces their contrast and the quantity of information perceived, and can lead
to inaccurate image processing and medical decisions. Most existing anisotropic diffusion techniques to filter noises [26] suffer one or several of these
limitations: ineffectivity to filter multiplicative noise, insufficient noise attenuation, insufficient edge preservation, instability or slowness of the method.
In a previous work [22], we proposed a robust, speckle reducing anisotropic
diffusion that addresses the first three limitations, i.e. insufficient noise attenuation, edge preservation and that was specifically tailored to filter multiplicative noises.
In order to determine the restored intensity function of the image u, the
present paper deals with all the mentioned previous limitations by solving a
boundary values problem of diffusion (see [2]) in a bounded domain Ω. In
order to prevent energy transport outside of the domain Ω, the boundary
conditions are the Neumann ones. In the considered problem, the positive
coefficient of diffusion c = c(x, y, t, u) depends of the intensity u and
consequently this boundary values problem to solve is nonlinear.
Explicit time marching numerical scheme suffers stability limitations and
small time step size are necessary to avoid this drawback. Moreover, for the
specific study and parti-cularly considering the definition of the coefficient
of diffusion c, the use of a fully implicit time marching scheme is excluded.
It is the reason why, in this original study, we propose and analyze several
appropriate time marching semi-implicit discretization schemes for medical
images processing. In particular, the consistency and the stability of the global
semi-implicit scheme are studied.
At each time step, it is necessary to solve a large linear algebraic system.
Since the size of this system is large, iterative methods are well suited to obtain
the numerical solution of the algebraic system, at each time step. We therefore
propose to use and analyze the Schwarz alternating method (see [13, 14]) which
is well suited for very large medical images and allows to decrease the elapsed
time by using parallel facilities. Finally, we prove that at each time step the
matrix to invert is an M-matrix. Thus, in a parallel computation framework, it is
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possible to use synchronous Schwarz alternating method; and more generally,
it is also possible to suppress synchronization and to use asynchronous Schwarz
alternating method with or without flexible communications (see [5, 8, 11, 15–
17, 21]). For both previous parallel synchronous or asynchronous methods, we
analyse in an unified framework the convergence of these iterative algorithms.
Furthermore, in image processing, the spatial discretization step size has
a constant value defined by the distance between two consecutive pixels.
Usually, the value of the spatial discretization step size is fixed to one (see
[19] and [24]). Consequently, this last property involves very high convergence
speed of the considered parallel domain decomposition method and leads to
very efficient iterative parallel methods.
The present paper is organized as follows. Section 2 presents the anisotropic
diffusion model problem. In Section 3 the discretization schemes are presented
and analyzed for both the stationary problem and the evolution problem. In
particular, the consistency and the stability of the explicit and semi-implicit
time marching schemes are analyzed. Section 4 presents briefly synchronous
or more generally asynchronous Schwarz alternating method with or without
flexible communications and is also devoted to the study of the behavior of
such algorithms. Lastly, experimental sequential and parallel results concerning synthetic and real ultrasound medical images are presented in Section 5.

2 Anisotropic diffusion of ultrasound images
2.1 Ultrasound image processing
Ultrasound imaging is a widely used method for medical applications. It is noninvasive, real-time and relatively inexpensive. However, compared to other
medical imaging methods, it suffers from low signal to noise ratio, low contrast
and the presence of speckle, which appears as a strong granularity within
regions that should be homogeneous. This phenomenon, also encountered in
optical coherence tomography degrades the resolution of images and makes
difficult the detection of their features. Thus, the development of effective
noise reduction filters for these kinds of medical images is of primary importance in order to i) enhance the image allowing better diagnosis and ii)
facilitate higher level processing such as image segmentation, which aims at
locating objects and boundaries.
Image filtering methods aim at reducing the noise while enhancing the
perception of relevant data. Among them, anisotropic diffusion was proposed
by Perona and Malik [19]. It is derived from the heat diffusion equation, whose
solution is equivalent to Gaussian convolution

∂u
− u = 0, everywhere in Ω,
∂t

(1)
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where u represents the intensity function of the image. Perona and Malik [19]
have introduced the following diffusion equation
∂u
= div(c(|∇u(x, y; t)|) · ∇u(x, y; t)),
(2)
∂t
where the function c, called the coefficient of diffusion, controls the diffusion
process by letting the diffusion being isotropic in homogeneous regions, and
slowing down the diffusion across image contours.
Anisotropic diffusion has been largely studied for additive noise filtering
[1, 4, 6, 7, 24]. For example, Catté et al. [7] proposed to reduce the noise participation in the computation of the coefficient of diffusion. In their diffusion
process, the argument of the coefficient of diffusion is the norm of the gradient
of the Gaussian smoothed image. But most of the models proposed in the
literature have inherent limitations, particularly their tendency to produce a
totally flat image after a high number of iterations.
The proposed anisotropic diffusion model, called γ -diffusion [22], is specifically tailored to filter images affected by multiplicative noise, like speckle. It
is based on the coefficient of variation to differentiate pixels in homogeneous
regions from pixels on edges. Moreover, the speckle encountered in ultrasound
images is a multiplicative noise that cannot be treated by filter developped for
additive noise.
2.2 Coefficient of variation
There are two types of coefficients of variation: the global coefficient of
variation, denoted in the sequel γg and the local coefficient of variation,
denoted γ . The global coefficient of variation is defined as follows
γg2 (u, t) =

var(u)

,
(3)
u2
where var(u) and u are the variance and the mean of the intensity of an
area having a homogeneous reflectivity. The reflectivity being the intensity
that should be perceived if the image was not corrupted by noise. The local
coefficient of variation γ is a local version of the global coefficient of variation,
defined as follows
1  (u(P) − us )2
γ 2 (x, y, t, u) =
,
(4)
|ηs | P∈η
us 2
s

where ηs is a neighborhood of a central pixel s. us is the mean intensity on ηs .
It was proved that (see [22]), in images affected by speckle, the global
coefficient of variation does not depend on the reflectivity of the scene; it
only depends on the multiplicative noise. Hence, the coefficient of variation
characterizes the speckle affecting the image.
Moreover, it was also established that the local coefficient of variation can
be written as the sum of the global coefficient of variation and a positive term
that increases with the variance of the real reflectivity of the scene. This shows
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that γ is close to γg within homogeneous regions, and largely greater than γg on
edges. Therefore, the coefficient of variation can be used as an effective edge
detector in images affected by speckle.
Note that edge detectors, like the gradient of intensity, that can be effective
in images affected by additive noise, fail in images with multiplicative noise.
This is because in the latter, the variance of intensity increases with the
brightness of the region, which is taken into account with the local coefficient
of variation.
2.3 The γ -diffusion partial derivative equation
The partial derivative equation of the γ -diffusion can be written as follows on
a bounded domain Ω ⊂ R2
∂u(x, y, t)
− div(c((x, y, t, u))∇u(x, y, t)) = 0, everywhere in Ω,
∂t

(5)

and, in order to ensure the energy conservation, the boundary conditions
correspond to the Neumann ones.
The considered coefficient of diffusion is derived from the weight function
of the M-estimator of Tukey [23], applied to the local coefficient of variation
[4]. This function assigns zero weights to outliers having a magnitude above
a certain threshold. This allows stopping completely the diffusion in the
directions corresponding to high values of the local coefficient of variation. As
such, the intra regions intensity is conserved if the local coefficient of variation
is higher enough than the global coefficient of variation on the borders ∂Ω
of the region. The coefficient of variation acts here as an edge detector more
robust to speckle than the gradient of the intensity, leading to a more precise
filtering.
Let γ (x, y, t, u) be the local coefficient of variation at the point M = (x, y).
The coefficient of γ -diffusion is
⎧
2
⎪
2
√
⎪
⎨ 1 − γ (x, y, t, u)
if γ (x, y, t, u) ≤ 5γg (u, t),
2
c(x, y, t, u) =
(6)
5γg (u, t)
⎪
⎪
⎩0
elsewhere.
2.4 Estimation of the global coefficient of variation
As stated earlier, the global coefficient of variation must be calculated in a
homogeneous area. The selection of such an area requires an undesirable
interaction. We thus proposed an automatic estimation of the global coefficient
that avoids any interaction and allows a fine assessment of the level of speckle
at each iteration. It is reasonable to consider that there are far less pixels
associated with edges than pixels in homogeneous regions. The values of the
local coefficient of variation corresponding to edges can thus be considered
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as outliers. In order to diagnose these outliers, we first robustly normalize the
observations [20]:
γ (x, y, t, u) − med(γ ( p))
δ̄x,y =

p∈Ω

(7)

1.4826 med(|γ (q) − med(γ (r))|)
q∈Ω

r∈Ω

where med(γ ( p)) is the median of γ at the current time iteration.
p∈Ω

γg is the value of γ above which the pixel are considered on countours. It
thus corresponds to the rejection rule δ̄x,y = 1, established by Rousseeuw [20]:
γg = 1.4826 med
p∈Ω

γ ( p) − med(γ (q))
q∈Ω

+ med(γ (r)).

(8)

r∈Ω

3 Discretization schemes
Consider the following model for anisotropic diffusion of speckled images
⎧
∂u
⎪
⎪
− div(c.grad(u)) = 0, everywhere in Ω, 0 < t ≤ T,
⎪
⎪
⎪
⎨ ∂t
∂u(x, y, t)
= 0, ∀t ∈ [0, T] (Boundary Conditions),
⎪
⎪
∂n
⎪
|∂Ω
⎪
⎪
⎩
u(x, y, 0) = u0 (x, y), (Initial Conditions),

(9)

where Ω = [0, d] × [0, b ] is a rectangular domain, ∂Ω is the boundary of
the domain Ω, n is the outward vector normal to ∂Ω, u = u(x, y, t) is the
intensity, T is a strictly positive real number and the nonnegative coefficient
of diffusion c = c(x, y, t, u) depends of the intensity u. Note that, for this
particular application, we have
0 ≤ c(x, y, t, u) ≤ 1, everywhere in Ω, 0 < t ≤ T.

(10)

Note also, that the boundary value problem (9) is nonlinear and that the
boundary conditions correspond to the Neumann ones. In order to solve by
a numerical way the problem (9), we will construct and analyze in the sequel
appropriate discretization schemes.
3.1 Spatial discretization scheme background
In this section, we first consider the one-dimensional Poisson problem to
obtain accurate discretization schemes. We then extend the proposed schemes
for the two-dimensional Poisson problem. The linear one-dimensional Poisson
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problem defined in [0, d] with homogeneous Neumann boundary condition can
be written as follows
⎧
d
du(x)
⎪
⎪
c(x)
+ δ.u(x) = f (x), x ∈]0, d[, δ > 0,
⎨−
dx
dx
(11)
⎪
du(0)
du(d )
⎪
⎩
=
= 0.
dx
dx
Consider a discretization of the domain [0, d] by equidistant nodes such that
d
is the spatial
xi = i.h, i = 0, . . . , n + 1 where n is a positive integer and h = n+1
4
discretization step-size. Assume that u ∈ C ([0, d]), and set v(x) = c(x) du(x)
.
dx

To obtain a discretization scheme of the problem −v (xi ) + δ.u(xi ) = f (xi ), 1 ≤
i ≤ n, consider first a forward-difference formula such that
−

v(xi+1 ) − v(xi )
+ δ.u(xi ) + O (h) = f (xi ), 1 ≤ i ≤ n;
h

in order to obtain a discretization scheme around the node xi , consider now
the following backward-difference formula
v(xi ) = c(xi )

u(xi ) − u(xi−1 )
+ O (h) ,
h

and
v(xi+1 ) = c(xi+1 )

u(xi+1 ) − u(xi )
+ O (h) ;
h

then, we obtain the following discretization forward-backward scheme
−c(xi )ui−1 + (c(xi ) + c(xi+1 ))ui − c(xi+1 )ui+1
+ δ.ui = fi , 1 ≤ i ≤ n
h2
u0 = u1 and un = un+1 .

(12)

Note that, for the inner nodes, the local truncation error of the previous
scheme defined by
f

Ei =

−c(xi )u(xi−1 ) + (c(xi ) + c(xi+1 ))u(xi ) − c(xi+1 )u(xi+1 )
+ δ.u(xi ) − f (xi );
h2

assume that the diffusion coefficient c and the intensity u are continuous
and sufficiently differentiable; so, after very simple calculations, the local
truncation error is given by
f

Ei = −

h
2

dc(xi ) d2 u(xi ) d2 c(xi ) du(xi )
.
+
.
dx
dx2
dx2
dx

+ O (h2 ).

(13)

Thus the forward-backward scheme is consistent.
The discrete scheme defined by (12) can be written as a linear system
in which, due to the first and the last discrete equation, the discretization
matrix is not symmetric. Nevertheless, taking into account the relations u0 = u1
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and un = un+1 , and injecting the two previous equalities in the corresponding
scheme for the index i = 1 and i = n, the discrete scheme is now given by
⎧
c(x2 )u1 − c(x2 )u2
⎪
⎪
+ δ.u1 = f1
⎪
⎪
h2
⎨
−c(xi )ui−1 + (c(xi ) + c(xi+1 ))ui − c(xi+1 )ui+1
+ δ.ui = fi , 2 ≤ i ≤ n − 1
⎪
h2
⎪
⎪
⎪
⎩ c(xn )un − c(xn )un−1 + δ.un = fn ,
h2
(14)
and then, the discretization matrix of dimension n (instead of (n + 2) previously) is now symmetric, strictly diagonally dominant with strictly positive
diagonal entries and negative or null off-diagonal entries; thus, since δ > 0,
the global discretization matrix is symmetric positive definite (see [3]). In the
general case where the coefficient of diffusion can vanish for some values of xi ,
we cannot conclude to the irreducibility of the matrix, contrary to the discrete
schemes studied in [25]. Moreover the local truncation error of the scheme is
f
Ei = O (h) and the scheme is of order one.
To obtain an approximation of the derivative of the function v at the node
xi , we can also use a backward-difference formula such that
−

v(xi ) − v(xi−1 )
+ δ.u(xi ) + O (h) = f (xi ), 1 ≤ i ≤ n,
h

and consider for the values v(xi ) and v(xi−1 ) the following forward-difference
formula
v(xi ) = c(xi )

u(xi+1 ) − u(xi )
+ O (h) ,
h

and
v(xi−1 ) = c(xi−1 )

u(xi ) − u(xi−1 )
+ O (h) ;
h

then, by a similar way, we obtain the following discretization backwardforward scheme
−c(xi−1 )ui−1 + (c(xi−1 ) + c(xi ))ui − c(xi )ui+1
+ δ.ui = fi , 1 ≤ i ≤ n,
h2
u0 = u1 and un = un+1 .

(15)

In this case, for the inner nodes, with the same assumptions than the ones
considered in (13), the local truncation error is defined by
Eib =

−c(xi−1 )u(xi−1 ) + (c(xi−1 ) + c(xi ))u(xi ) − c(xi )u(xi+1 )
+ δ.u(xi ) − f (xi ),
h2

and, after very simple calculations, is given by
Eib =

h
2

dc(xi ) d2 u(xi ) d2 c(xi ) du(xi )
.
+
.
dx
dx2
dx2
dx

+ O (h2 ).

(16)
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Thus the backward-forward scheme is consistent. Here again we obtain a local
truncation error Eib = O (h) and the scheme is of order one; moreover, the
cancelation of the unknowns u0 and un+1 from the scheme defined by (15) leads
to the following scheme
⎧ c(x )u − c(x )u
1 1
1 2
⎪
+ δ.u1 = f1
⎪
⎪
2
⎪
h
⎪
⎨
−c(xi−1 )ui−1 + (c(xi−1 ) + c(xi ))ui − c(xi )ui+1
+ δ.ui = fi , 2 ≤ i ≤ n − 1
⎪
h2
⎪
⎪
⎪
⎪
⎩ c(xn−1 )un − c(xn−1 )un−1 + δ.u = f ,
n
n
h2
(17)
and, then the discretization matrix of dimension n (instead of (n + 2) previously) is now symmetric and strictly diagonally dominant with strictly positive
diagonal entries and negative or null off-diagonal entries; thus, since δ > 0,
the global discretization matrix is symmetric positive definite (see [3]). For
the same reasons than the forward-backward scheme when the coefficient of
diffusion is locally null, the discretization matrix is not irreducible.
The combination of the previous schemes (14) and (17) can lead to a more
accurate discretization scheme. Indeed, by taking the mean of both previous
schemes, we note that the local truncation error for the inner nodes is now
f
given by Ei = 12 .(Eib + Ei ) = O (h2 ) and the scheme is of order two; moreover
the resulting scheme is now
⎧
(c(x1 ) + c(x2 ))u1 − (c(x1 ) + c(x2 ))u2
⎪
⎪
+ δ.u1 = f1
⎪
⎪
2.h2
⎪
⎪
⎪
⎪
⎪
−(c(xi−1 ) + c(xi ))ui−1 + (c(xi−1 ) + 2.c(xi ) + c(xi+1 ))ui − (c(xi ) + c(xi+1 ))ui+1
⎪
⎪
⎨
2.h2
⎪
⎪
⎪ + δ.ui = fi , for 2 ≤ i ≤ n − 1
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩ (c(xn−1 ) + c(xn ))un − (c(xn−1 ) + c(xn ))un−1 + δ.un = fn ,
2h2
(18)
and, obviously, the global discretization matrix is symmetric positive definite.
Finally, for the two-dimensional elliptic problem,
⎧
∂u
∂
∂u
∂
⎪
⎪
c(x, y)
−
c(x, y)
+δ.u = f (x, y), in ]0, d[×]0, b [, d > 0,
⎨−
∂x
∂x
∂y
∂y
∂u(x, y)
⎪
⎪
⎩
= 0,
∂n |∂Ω
(19)
we can obtain similar discretization formula for the second order derivative
with respect to y. For sake of simplicity, denote in the sequel by ci, j = c(xi , y j),
for i = 1, . . . , n + 2 and j = 1, . . . , m + 2, where n + 2 and m + 2, respectively,
denotes the number of pixels on [0, d] and [0, b ], according to the size of the
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image to process. Note also that, in image processing, the spatial discretization
step size along each direction can be fixed, so that h = hx = h y . Then, by
combining the final scheme (18) obtained in each direction, we can set in a
similar way the following second order scheme for the inner grid points (i, j )
⎧
−(ci, j + ci−1, j)ui−1, j + (ci−1, j + 2.ci, j + ci+1, j)ui, j − (ci, j + ci+1, j)ui+1, j
⎪
⎪
⎪
⎪
⎪
2.h2
⎪
⎪
⎪
−(ci, j + ci, j−1 )ui, j−1 + (ci, j−1 + 2.ci, j + ci, j+1 )ui, j − (ci, j + ci, j+1 )ui, j+1
⎪
⎪
⎨+
2.h2
⎪
⎪
+ δ.ui, j = fi, j, 1 ≤ i ≤ n, 1 ≤ j ≤ m,
⎪
⎪
⎪
⎪
⎪
⎪
u0, j = u1, j and un, j = un+1, j, 1 ≤ j ≤ m,
⎪
⎪
⎩
ui,0 = ui,1 and ui,m = ui,m+1 , 1 ≤ i ≤ n.
Note also that, due to the Neumann boundary conditions, for the grid points
near the boundary ∂Ω the above scheme can be simplified by cancelling from
the corresponding equations the values of the intensity at the grid nodes which
belong to ∂Ω in a similar way than the one used in the discretization of the
previous one-dimensional problem. Similarly to the one-dimensional problem,
since δ > 0, the global discretization matrix 2h1 2 .A + δ.Id is symmetric and
strictly diagonally dominant with strictly positive diagonal entries; thus the
matrix 2h1 2 .A + δ.Id is symmetric positive definite. Moreover, since the offdiagonal entries of matrix A are nonpositive, then 2h1 2 .A + δ.Id is a Stieltjes
matrix (or symmetric M-matrix). Finally the discretization scheme is of order
two and consequently is consistent.
3.2 Explicit scheme
For the solution of the evolutive problem (9), it is necessary to adapt the
classical time marching schemes used for the solution of the heat conduction
equation. Note that a first possible scheme is the explicit one. Let us write now
the problem (9) for tk = kτ, k ∈ N, where τ denotes the time step size; then,
we can write
 ∂u
∂u(x, y, tk )
∂
−
c x, y, tk , u(k)
∂t
∂x
∂x

−

 ∂u
∂
c x, y, tk , u(k)
∂y
∂y

= 0,

where u(k) denotes the value of u when t = tk . Denote α = 2hτ 2 ; note that,
for the particular application concerning the study of image processing, the
spatial discretization step size h is here mentioned for memory; in fact in
image processing, h is defined implicitly by the distance between two pixels
and can be fixed to the value one (see [19] and [24]); in the sequel, we will
see that the value of h has no effect with respect to the behavior of the
studied algorithms. Denote also by U (k) the vector of components ui,(k)j that
approximates u(xi , y j, tk ); in the sequel U (0) is given by the components of
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u0 (xi , y j) of the initial condition arising in (9). Then, classically, the explicit
scheme is given by

U (k+1) = Id − α A(k) .U (k) , k = 0, 1, . . . ,
(20)
where Id is the identity matrix and the matrix A(k) is the discretization matrix
defined at step k which entries are defined in a similar way than in Section 3.1
and where, in the present situation, the coefficients ci, j are replaced by ci,(k)j with

ci,(k)j = c xi , y j, tk , ui,(k)j . In fact the explicit scheme (20) has the drawback to be
instable if the time step size τ is too large. Using very simple and classical
arguments, particularly since the modulus of the eigenvalues of the matrix
(Id − α A(k) ) must be less than one, it can be proved that the explicit time
marching scheme is stable if the time step size τ is bounded as follows
τ<

4h2
]|A(k) |[

where ]|A(k) |[ denotes any norm of the matrix A(k) . The more interesting
and practical use of matrix norm concerns the case where the norm of the
matrix A(k) is induced by the uniform norm or the l1 -norm, respectively. If we
denote by ]|A(k) |[∞ or ]|A(k) |[1 , respectively, the corresponding particular
matrix norm, then the previous condition leads here to
τ<

4h2
4h2
⎛
 n.m
.
⎞=
n.m
 (k)

max
ai, j
max ⎝
ai,(k)j ⎠
1≤ j≤n.m

1≤i≤n.m

j=1

i=1

3.3 Semi-implicit discretization scheme for the anisotropic diffusion problem
In the general case, it seems to be difficult to draw up an implicit scheme,
since a Newton method is very hard to use due to the difficulty to compute
the gradient of the local coefficient of variation. Thus, in many contributions
about image processing, semi-implicit schemes are considered. Such a scheme,
corresponding to a time marching scheme with two levels k and k + 1, is
defined by

Id + α A(k) .U (k+1) = U (k) , k = 0, 1, . . . ,
(21)
instead of the fully-implicit scheme defined by

Id + α A(k+1) .U (k+1) = U (k) , k = 0, 1, . . . .
Due to the nonlinearity, the previous system can be hard to solve. For the
semi-implicit scheme we have the following results
Proposition 1 Assume that the diffusion coefficient c and the intensity u are
continuous and sufficiently differentiable. Then, the semi-implicit scheme (21)
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is consistent and the local truncation error of the scheme denoted by Ei,(k)j verifies
Ei,(k)j ≤ C .(τ + h2 ), where C is a constant.

Proof Indeed, classically, the implicit scheme (20) is of order one with respect
to the time and of order two with respect to the space. Then, the proof follows
obviously.
Remark 1 Note that, except for edges where the diffusion coefficient vanish,
images are mostly constituted of homogeneous regions where the coefficient of
variation is relatively smooth. So, the previous discretization scheme is based
on realistic framework.
Proposition 2 The semi-implicit scheme (21) is unconditionally stable.
Proof Denote by λl(k) , l = 1, . . . , m.n the eigenvalues of the discretization
matrix A(k) at each time step k. Since, at each time step k, the discretization

matrix I + α A(k) is symmetric positive definite, then the eigenvalues νl(k) =

1 + αλl(k) of I + α A(k) are real and strictly positive. Moreover the matrix

I + α A(k) being symmetric, it is also diagonalizable; thus, if we write the

system (21) in the base of the eigenvectors of the matrix I + α A(k) , we obtain
ui(k+1) =

ui(k)

1+αλi(k)

=

k


ui(0)

, ∀i = 1, . . . , n.m and then ui(k+1) is bounded.
( j)

(1 + αλi )

j=0

Thus, the scheme is unconditionally stable, which achieves the proof.
Remark 2 Clearly, it follows from the result of Proposition 2 that on the
contrary to the explicit scheme (20), the semi-implicit scheme (21) does not
suffer from any time step size restriction and can be fully adapted to the desired
accuracy without the need to choose small time steps for stability reasons.
3.4 Semi-implicit Gear discretization scheme for the anisotropic
diffusion problem
In this subsection, in order to obtain better accuracy, we adapt the classical
Gear scheme called also backward scheme (see [10]) to the studied situation.
The classical Gear scheme is an implicit scheme defined with three levels. For
the initialization of this backward scheme, it is necessary to use either a semiimplicit or an explicit scheme. In our situation, a fully implicit scheme is not
practical to use. Then, we draw up a semi-implicit backward scheme as follows
3
1
Id + α A(k) .U (k+1) = 2.U (k) − .U (k−1) , k = 1, . . . .
2
2
For the semi-implicit Gear scheme we have the following result

(22)
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Proposition 3 Assume that the diffusion coefficient and the intensity are continuous and sufficiently differentiable. Then, the semi-implicit Gear scheme (22) is
consistent and the local truncation error of the scheme denoted by Ei,(k)j verifies
Ei,(k)j ≤ C (τ 2 + h2 ), where C is a constant.

Proof Indeed, by Taylor’s formula, we have
∂u(x, t + τ ) τ 2 ∂ 2 u(x, t + τ )
+ .
∂t
2
∂t2

τ 3 ∂ 3 u(x, t + τ )
− .
+ O τ4
3
6
∂t

u(x, t) = u(x, t + τ ) − τ.

and
∂u(x, t + τ )
∂ 2 u(x, t + τ )
+ 2.τ 2 .
∂t
∂t2

4.τ 3 ∂ 3 u(x, t + τ )
−
.
+ O τ4 .
3
3
∂t

u(x, t − τ ) = u(x, t + τ ) − 2.τ.

The following combination 12 u(x, t − τ ) − 2u(x, t) leads to
∂u(x, t + τ )
1
=
∂t
τ
−

3
1
u(x, t + τ ) − 2u(x, t) + u(x, t − τ )
2
2

τ 2 ∂ 3 u(x, t + τ )
+ O τ3 ,
.
3
3
∂t

and, taking into account the local spatial truncation error obtained in Section 3.1, we have finally
Ei,(k)j = −

τ 2 ∂ 3 u(x, t + τ ) h2
.
−
M4 ,
3
∂t3
12

where M4 is the sum of the partial derivative of order 4 with respect to x and
y; which achieves the proof.
Note that the Remark 1 holds again here.
Concerning, the stability of the semi-implicit Gear scheme we have the
following result
Proposition 4 The semi-implicit Gear scheme (22) is unconditionally stable.
Proof Using the same notations than in Proposition 2, consider the semiimplicit Gear scheme and also the obvious equality U k = U k ; then using a
matrix notation we can write the two previous systems as follows
⎤
⎡

 (k+1)  

3
1
(k)
U
U (k)
0
Id
+
α
A
.Id
2Id
−
⎦
⎣ 2
=
.
2
U (k)
U (k−1)
Id
0
0
Id
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Now, we can write this system in the eigenvector base; if (k) denotes the
diagonal matrix which entries are the eigenvalues of the matrix A(k) , i.e. λi(k) ,

i = 1, . . . , n.m, and U (k) = ūi(k) denotes the vector U (k) written in the base of
eigenvectors of the matrix A(k) , then we have
⎡
⎤


 (k+1)  
3
1
(k)
U (k)
Id
+
α
0
⎣ 2
⎦ U (k) = 2Id − 2 .Id
.
U
U (k−1)
Id
0
0
Id
By writing the previous system component by component, we obtain


  2

(k)

 1
(k) −
3
(k)
ū
ūi(k+1)
3
+αλ
2
+αλ
i
i
2
= 2 i
;
ūi(k)
ūi(k−1)
1
0
the eigenvalues θ of the 2 × 2 matrix satisfy the algebraic equation
3
1
+ αλ(k) θ 2 − 2θ + = 0;
2
2
let μ = 4 − 2( 32 + αλ(k) ) the discriminant of the previous second order algebraic equation. If μ is negative then
|θ± |2 =

1
< 1;
3 + 2αλ(k)

If μ is positive then
max(|θ+ |, |θ− |) =

1+
3
2



1
4

−

αλ(k)
2

+ αλ(k)

< 1,

and, by a straightforward way, in both cases |θ| < 1. Thus, the studied scheme
is stable, which achieves the proof.

4 Parallel asynchronous Schwarz alternating method
Domain decomposition methods, such as the Schwarz algorithm introduced
by Lions (see for example [14]) are well suited for the parallel solution of
boundary values problems (see [13]).
4.1 The sequential Schwarz alternating method
Let us first recall the Schwarz alternating method in a very simple
dimensional context. For this purpose, consider the Poisson equation
homogeneous Dirichlet boundary condition and defined in the domain
[0, 1] ⊂ R
⎧
⎨ d2 u
− 2 = 0, everywhere in [0, 1],
⎩ dx
u(0) = u(1) = 0.

onewith
Ω=

(23)
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We consider here the sequential context and assume that Ω is splitted into
two overlapping subdomains Ω1 and Ω2 , where Ω1 = [0, γ12 ], 0 < γ12 < 1 and
1
Ω2 = [γ21 , 1], 0 < γ21 < γ12 < 1, where γ12 is the
 right boundary of Ω1 and γ2 is
the left boundary of Ω2 ; note that Ω = Ω1 Ω2 and Ω1 Ω2 = ∅; consider
accordingly the decomposition of u into two subvectors u1 and u2 . In order
to solve equation (23) by the sequential Schwarz alternating method, let us
define an initial guess u0 = (u01 , u02 ); then the first component u1 is computed
on the subdomain Ω1 using the boundary conditions u1 (0) = 0 and u1 (γ12 ) =
u˜2 , where u˜2 is the restriction at γ12 of the subvector u2 computed on the
other subdomain Ω2 . On the other hand, the component u2 is computed
symmetrically on the subdomain Ω2 using the boundary conditions u2 (1) = 0
and u2 (γ21 ) = u˜1 , where u˜1 is the restriction at γ21 of the subvector u1 computed
on the subdomain Ω1 . Then this iterative process is repeated alternatively. In
the sequential context, for choosing the values of u˜1 and u˜2 various strategies
can be considered.
In the sequel let us denote by r the label of the Schwarz iteration. The case
where at each step (r + 1), we have u˜1 = ur1 (γ21 ) and u˜2 = ur2 (γ12 ) corresponds
to a Jacobi like method, similar to an additive Schwarz alternating method (see
Fig. 1a). On the other hand for the computation of ur+1 , we can also consider
1
r
2
that u˜1 = ur+1
1 (γ2 ) and u˜2 = u2 (γ1 ), algorithm corresponding to a Gauss-Seidel
like method, similar to a multiplicative Schwarz alternating method (see
Fig. 1b).
The implementation of Schwarz alternating method is very easy since we
have to
•
•

compute ui by solving a numerically a boundary value problem on each
subdomain Ωi , i = 1, 2,
on the subdomain Ωi , exchange the values of the subvectors u j at the points
belonging to the boundaries γ ji , i = j.

When, instead of Dirichlet boundary conditions, the Neumann ones are
specified on x = 0 and x = 1 the computation process can be adapted by a
straightforward way; in fact, on each subdomain Ωi , i = 1, 2 it is necessary

(a)

(b)

Fig. 1 Behavior of additive (a) and multiplicative (b) Schwarz alternating method
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to take into account these latter boundary conditions at x = 0 and x = 1 for
respectively the first and the last process. Moreover, in the case of nonhomogeneous coefficient of diffusion, the subdomain method can be adapted by a
straightforward way.
More generally, this decomposition of the domain Ω can be extended to the
2D case or 3D case. Moreover, as presented in the sequel, the processing on
each subdomain can be handled by a parallel way, the exchanges between the
processors being synchronous or asynchronous by various ways.
4.2 Intuitive presentation of parallel asynchronous Schwarz
alternating method
In order to parallelize the computation, the domain Ω ⊂ R2 of a partial
differential equation to solve is splitted into rectangular subdomains with
vertical overlapping strips according to Fig. 2; note that a decomposition into
rectangular blocks does not facilitate the implementation. Moreover, since
speckle noise is local, the way for decomposing the studied images does not
j
have any influence on the noise filtering. Let us denote by γi , j = 1, 2 the left
( j = 1) and right ( j = 2) boundaries between the overlapping subdomains Ωi .
Sequences of smaller subproblems are solved on each processor of a parallel
computer in order to compute a solution of the global problem. In practice,
since the sub-problems to solve have a smaller size, more accuracy is obtained
if the systems are ill-conditioned.
 being any operator, consider a boundary value problem .u = f on the
domain Ω with boundary condition B .u = g on ∂Ω. For the sake of simplicity,
we consider first a decomposition in two subdomains Ω1 and Ω2 . Parallel
synchronous or asynchronous Schwarz algorithms for two processors consist
in solving at each iteration
⎧
⎧
= f1 on Ω1
2 .ur+1
= f2 on Ω2
1 .ur+1
⎪
⎪
1
2
⎪
⎪
⎨
⎨
B1 .ur+1
= g1 on ∂Ω ∩ Ω1 and B2 .ur+1
= g2 on ∂Ω ∩ Ω2
1
2
⎪
⎪
⎪
⎪
⎩
⎩
ur+1
= ũr2 on ∂Ω1 ∩ Ω2
ur+1
= ũr1 on ∂Ω2 ∩ Ω1
1
2

Fig. 2 Decomposition
of domain Ω

Ω1

γ 21

Ω2

γ 12

γ 31

Ω3

γ 22

(24)
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where ũr1 and ũr2 denote again the available values of the components of
the iterate vector (u1 , u2 ) at the current iteration, values restricted to the
overlapping boundaries.
In the synchronous algorithm, corresponding to the additive Schwarz alternating method ũr1 = ur1 and ũr2 = ur2 . It is also possible to chose a multiplicative
strategy of the Schwarz alternating method; nevertheless, in this last case the
idle times due to necessary synchronizations increase. As previously said, each
processor updates the components of the iterate vector associated with its
subdomains and computes the residual norm corresponding to the subdomains
in order to participate to the convergence detection. Each subproblem in
(24) can be solved by any sequential algorithm; a point or a block relaxation
method, for example, the Gauss-Seidel method for solving each discretized
subproblem on each subdomain is a suitable algorithm. This kind of method
allows more flexible communications between the processors.
Parallel asynchronous Schwarz alternating methods (see [5, 11, 15] are a
general class of parallel iterative methods where iterations are carried out in
parallel by several processors without any order nor synchronization; computations can be made using the current available values of each component of
the iterate vector. The main feature of this class of parallel iterative methods
is to allow more flexible and efficient data exchanges between the processors;
as a consequence, the coupling between communication and computation is
improved. The values of the components of the iterate vector which are used
in an updating phase may come from updates which are in progress. Thus,
the implementation principle of the parallel asynchronous Schwarz alternating
method needs a particular effort concerning the combination of the solution
of very large scale algebraic systems with an efficient communication strategy.
When the size of the subsystems is large, note that the asynchronous communications compared to the synchronous ones suppress more efficiently the idle
times (see [9]).
According to the type of communication between the processors, we can
consider two distinct kinds of asynchronous Schwarz alternating method : the
classical one and the asynchronous Schwarz alternating method with flexible
communications.
In the classical asynchronous algorithm (see [8] and [15]), the available
ρ (r)
ρ (r)
components may be delayed as follows : ũr1 = u1 1 and ũr2 = u2 2 , with ρi (r) ≥
0, i = 1, 2, where ρi (r) refer to a component number; note that for such
classical asynchronous method, computations are performed in parallel by
using values of the block component of the iterate vector produced at the end
of each updating phase. Note that when ρi (r) = r, this last kind of method
generalizes also the classical parallel synchronous scheme such as parallel
Jacobi method.
In the case of Schwarz alternating method with flexible communications (see
[11, 16]) ũi(r) are not necessarily associated to components that are labelled by
an outer iteration number as data exchanges may occur at any time, using the
last values of the components just computed and available. Then, in this class
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of method, partial updates, i.e. the current value of each component of the
iterate vector, can be used at any time in the computation; thus available values
of the components of the iterate vector which are used in an updating phase
may come from updates which are still in progress and communications may
occur at any time; so flexible data exchanges between processors are allowed.
Note that, this general asynchronous Schwarz alternating method with flexible
communications extend the classical asynchronous one.
In the sequel, we will focus on cases where  is a linear operator. The
discretization matrix of the operator  will be denoted by A , the right-hand
side of the linear system derived from discretization by F and its associated
discrete solution by U .
4.3 Numerical behavior of the parallel Schwarz alternating algorithms
In this section, we formalize the algorithm just described in Section 4.2. We
have shown that the semi-linearization and the discretization of the anisotropic
diffusion problem (9) by a semi-implicit scheme, leads to the solution of a
large scale linear algebraic system; in the sequel we use asynchronous parallel
Schwarz alternating method for the computation at each time step k ∈ N of the
value U (k) of the semi-implicit time marching scheme. Furthermore it will be
verified that at each time step k ∈ N the matrix arising in this linear system has
interesting properties.
Proposition 5 The matrix defined by A = (θ.Id + α.A(k) ), ∀k ∈ N, where θ is
such that
θ=

1 for the semi implicit scheme
3
for the Gear semi implicit scheme
2

(25)

is an M-matrix.
Proof Indeed, due to the positive value of θ, the matrix A is strictly diagonally
dominant; furthermore the diagonal entries of A are strictly positive and the
off-diagonal entries are non positive. Thus A is an M-matrix
Remark 3 Note that due to the fact that the diffusion coefficient can vanish
locally, all the coefficients of the same row (or eventually of several rows) of
the matrix A(k) can be equal to zero. Then, the matrix A is not necessarily
irreducible. Nevertheless, due to the strict diagonal dominance, A is invertible.
According to previous defined notations, we consider the following system
of algebraic equations
A .U = F

(26)

Numer Algor (2009) 51:85–114

103

where A ∈ L (Rn.m ), F ∈ Rn.m and U ∈ Rn.m where U denotes the value of
U (k) , ∀k ∈ N. Furthermore, assume that
A is an M-matrix.

(27)

The numerical solution of (26) by the Schwarz alternating method is equivalent
to the solution of the following system
A˜.U˜ = F˜ ,

(28)

where A˜, U˜ and F˜ are derived from the expansion process of the Schwarz alternating method [12]. Actually in (28) the values of the unknows belonging to
the overlapping area are stored and computed twice. Then we can rewrite the
discretized system (26) in a new formulation (28), called augmented system,
which has the same solution than the initial system (26) and which takes into
account a parallel formulation applied to the initial and splitted system such
that between the subsystems there are repeated parts of the unknowns; this
expansion process is a theoretical model that represents the parallel solution of
the algebraic system (26) by a Schwarz domain decomposition method. Then
the augmented matrix A˜ is derived from the initial one by appropriate, but not
identical, repetitions of some rows. In the implementation, the system (28) is
not really produced, since A˜ and F˜ are not explicitly computed; in fact (28)
corresponds to a classical and formal notation related to the formulation of the
Schwarz alternating method.
According to a result of Evans and Deren [12], the matrix A˜ is also an Mmatrix. So, the system (28), derived from the expansion process, has the same
property than the one of the initial algebraic system (26).
Let p ∈ N be a positive integer and consider now the following block
decomposition of problem (28) into p subproblems
p


A˜ij.U˜j = F˜i , ∀i ∈ {1, ..., p}

(29)

j=1

where U˜i ∈ R(n.m)i and F˜i ∈ R(n.m)i , where (n.m)i denotes the size of the i-th
block of the previous vectors and A˜ = (A˜ij)1≤i, j,≤ p , according to the associated
block decomposition.
Consider now the solution of subproblems (29) by the asynchronous parallel
iteration which can be classically written as follows

⎧
⎨ A˜ii .U˜i r+1 = F˜i −
A˜ij.W˜j, if i ∈ s(r),
(30)
j=i
⎩ ˜ r+1
Ui
= U˜i r , if i ∈ s(r),
where {W˜1 , W˜2 , . . . , W˜p } are the available values of the components (U˜j) j=i ,
which will be specified more precisely in the sequel, and S = {s(r)}r∈N is a
sequence of non empty subsets of {1, 2, .., p}. In other words, s(r) is the subset
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of the subscripts of the components updated at the r-th iteration. In the sequel,
we also consider the vector
R = {ρ1 (r), .., ρ p (r)}r∈N ,

denoting a sequence of integer vectors from N p . In order to take into account
the asynchronism between the processors, R models the delays between the
parallel updates of each component, at the r-th iteration. Furthermore S and
R verify the following assumptions
∀i ∈ {1, 2, ..., p}, the set {r ∈ N|i ∈ s(r)} is unbounded,
∀i ∈ {1, 2, ..., p}, ∀r ∈ N, 0 ≤ ρi (r) ≤ r,
∀i ∈ {1, 2, ..., p}, lim ρi (r) = +∞.
r→∞

Remark 4 As previously said, the synchronous Schwarz alternating method is
a particular case of the asynchronous one corresponding to ρi (r) = r for all
i ∈ {1, . . . , p} and for all r ∈ N; if furthermore s(r) = {1, . . . , p} then the corresponding synchronous Schwarz alternating method is the additive one and if
s(r) = r.mod( p) + 1 then the corresponding synchronous Schwarz alternating
method is the multiplicative one (see [8]).
For the solution of system (26), the parallel asynchronous Schwarz alternating method with flexible communications corresponds to the more general
model of parallel asynchronous iterations. In such a case, the access to the
available values of the iterate vector W˜j is obtained by the following norm
constraint (see [11])
!
!
!
!
! ˜
!
≤ !W ρ(r) − U  !∞ , ∀ j ∈ {1, . . . , p}
(31)
!W j − U j !
j,∞

ρ (r) 
ρ (r)
where W ρ(r) = W1 1 , . . . , W pp
denotes the available values of the components just computed of the iterate vector, U  is the exact solution of the linear
system to solve,  . ∞ denotes a suitable weighted uniform norm [11] and
 .  j,∞ an analogous weighted uniform norm defined in R(nm) j , j = 1, . . . , p.
More precisely, in the present context, the values of the components of the
iterate vector W ρ(r) generated by the other process, can be accessed while the
computations are still in progress. Thus, we have the following result derived
from [11].

Proposition 6 Assume that (27) is verified. Then, W˜ = {W˜1 , . . . , W˜p } being
defined according to (31), the numerical solution of problem (26) by the parallel
asynchronous Schwarz alternating method with flexible communications associated to (30) and starting from any initial guess U 0 , converges to the solution
of A .U = F .
Proof As previously said, since A is an M-matrix, the augmented matrix A˜,
derived from the augmentation process of the Schwarz alternating method, has
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the important property to be an M-matrix. Thus, the convergence of the parallel asynchronous Schwarz alternating method with flexible communications,
obtained by contraction techniques, is derived from the result presented, in the
linear case, in [11].
Remark 5 The classical asynchronous Schwarz alternating method is a particular case of formulation of the asynchronous Schwarz alternating method with
flexible communications (31) in which the updates are performed at the end of
ρ (r)
any relaxation and defined by W˜j = U˜j j (see [5, 15]). This case corresponds
to the classical parallel asynchronous iterations as defined in [5, 15]. Then,
since A is an M-matrix, according to a result of [17], it can be proved, that,
for any subdomain decomposition, the classical parallel asynchronous Schwarz
alternating method defined by (30) and starting from any initial guess U 0
converge to the solution of A .U = F .
From the previous results, we can infer the following obvious corollary :
Corollary 1 For each time step k ∈ N, for both semi-implicit schemes, the
sequential and the parallel synchronous and asynchronous Schwarz alternating
method with or without flexible communications starting from any initial guess
U 0 converge to the solution of each considered discretized boundary value
problem A .U = F associated with the anisotopic diffusion problem.
Remark 6 In order to estimate the efficiency of the considered parallel asynchronous iterative method, let us give a bound of the spectral radius ρ of the
point Jacobi matrix. Let us denote by ai,(k)j the entries of the matrix A(k) . For
the evaluation of ρ, since the off-diagonal entries of the Jacobi matrix are
non-negative, we have
⎛
 (k) ⎞
ai, j
α
⎜
⎟
j
=i
⎟
⎜
⎟ ;
ρ ≤ max ⎜ 
(k) ⎠
1≤i≤n.m ⎝
θ + α.a
i,i

since for all i,



(k)
ai,(k)j ≤ ai,i
, ∀k ∈ N, then

j=i


ρ ≤ max

1≤i≤n.m

(k)
αai,i
(k)
θ + α.ai,i


.

Then, the maximum value of the diagonal entries of the matrix A(k) being
α.ξ
bounded by (8) and since the mapping ξ → θ+α.ξ
is obviously increasing, then
ρ ≤ ρ̄ =

8.α
4.τ
=
.
θ + 8.α
θ + 4.τ

(32)
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spectral radius of the Jacobi
matrix
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τ

Semi-implicit method

Semi-implicit Gear method

1
5
1
7
1
10
1
20

0.44444

0.34782

0.36363

0.27586

0.28571

0.21052

0.16666

0.11764

Thus, using several values of τ we have in Table 1 the following corresponding
upper-bound for ρ and we can observe that the values of ρ are small and
decrease with τ. Consequently, the use of relaxation method is suitable in such
situation.
Remark 7 Thanks to the previous upper bound (32) of the spectral radius of
the Jacobi matrix, one can obtain some interesting information concerning
the asymptotic rate of convergence of the asynchronous Schwarz alternating
method. Indeed, as previously said, the Schwarz alternating method leads to
solve here a linear algebraic system, in which the matrix A˜ and the right hand
side F˜ are derived from the augmentation process. In the case of classical
asynchronous iterations, where the updates are performed at the end of any
relaxation, if we consider the point to point decomposition, then the Jacobi
matrix J˜ associated to the augmented matrix A˜ is a contraction matrix [17].
According to [17], when the space is normed by an appropriate weighted
uniform norm, the spectral radius ρ̃ of J˜ allows to obtain an estimate of the
classical asymptotic rate of convergence of the asynchronous iteration defined
by R∞ = −Log(ρ̃). Since the augmented system to solve is derived from the
initial system, then it follows from previous considerations that the spectral
radius of the contraction matrix J˜ can be upper bounded by
ρ̃ ≤ ρ̄ =

4.τ
.
θ + 4.τ

(33)

5 Numerical simulation results
5.1 Image processing results
The general goal of an image restoration algorithm should be to reduce the
variance in homogeneous regions while preserving the edges (i.e. maintaining
some contrast while filtering the noise). The γ -diffusion, discretized with
the proposed schemes, obtains a low variance and a relatively high contrast.
Moreover, it leads to images with good edge detection and preservation.
Figure 3a presents one of the image used during the experimentation. It is
an echocardiographic image featuring the left ventricle and auricle.
The first result in Fig. 3b corresponds to the diffusion over a time T = 1,
over 10 timesteps (τ = 0.1). Our filter progressively reduces the speckle in
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Fig. 3 Image processing results for several schemes and parameters (a–e)

homogeneous regions, while enhancing the perception of the boundaries
between the different parts of the heart.
Figure 3c presents the result after a diffusion time of T = 25, over 1000
timesteps (τ = 0.0025). The γ -diffusion leads to an almost piecewise constant
image, preserving important contours of the initial image. Note that processing
the diffusion for longer time, even infinite, would not change the result much.
This is because our coefficient of diffusion progressively reduce and then
totally stop the diffusion across edges. This is an important feature of our filter,
as it preserves the total intensity within each region.
One improvement obtained with the proposed discretization scheme is
presented in Fig. 3d. This result corresponds again to a diffusion over a time
T = 25, over only 25 time steps are used (τ = 1). It confirms the good stability
and convergence properties, as the same quality of filtering is obtained for a
very larger τ .
Finally, Fig. 3e is a result obtained when the time step used (τ = 1) is too
large for the discretization scheme, and the process diverges. Note that this
result was not obtained with the semi-implicit scheme but with an explicit
discretization scheme.
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5.2 Principle of parallel implementation of the Schwarz method
Implementation and numerical experiments of parallel Schwarz alternating
algorithms have been carried out on distributed memory machines. In this
subsection, both synchronous and asynchronous parallel implementations of
Schwarz alternating method are briefly presented. The solution of the specific
evolution problem considered consists in solving one stationary problem at
each time step by using the Schwarz alternating method. Parallelization is
performed with domain decomposition method. Note that, at each new time
step, synchronizations are mandatory, excepted inside the solution of algebraic
system when asynchronous Schwarz alternating method is used.
The domain Ω, of the anisotopic diffusion problem is splitted into rectangular subdomains with minimal overlapping corresponding to two mesh points
(see Fig. 2). Thus minimal values exchanges are communicated between the
processors and consequently minimal computational overhead is ensured. One
subdomain is assigned to each processor. Thus, the behavior of the Schwarz
alternating method is additive.
The implementation of the asynchronous solver is more complex than
the synchronous one due to the termination procedure, which requires the
evaluation of a global state of the processes, without synchronization. Recall
that parallel asynchronous iterative algorithms are general iterative methods
where iterations are carried out in parallel by several processors without any
order nor synchronization (see for example [11]). Using the global residual as
a criterion for termination would introduce synchronizations in the asynchronous algorithm. Thus, parallel computing would suffer from idle times caused
by termination procedure. Simple asynchronous termination procedures exist.
One of them is presented in this section.
Various strategies of data exchange can be implemented (see [9]). Experiments show that the more data is exchanged, the faster the convergence is
because the behaviour tends to multiplicative scheme. However, note that
the efficiency of parallel algorithms strongly depends on the communication
frequency within the computations as communications increase the overhead.
It is the reason why we have chosen a strategy based on middle frequency
communications between the processors; then the overhead is well reduced.
Point to point communications between two processes have been implemented
using persistent communications request in MPI facilities (Message Passing
Interface). Message exchanges with the same argument list is repeatedly
executed; it corresponds to data transmission of successive values of the components of the iterate vector associated with subdomain boundaries. That is
the reason why persistent communications request has been used. A persistent
communication request can be thought of as a one way channel. This approach
permits one to reduce the communication overhead between the process and
the communication controller.
In the considered implementation, each processor solves its subsystem with
Gauss-Seidel algorithm. At the beginning of every inner iteration in the PDE
solver, an attempt of receiving a newer boundary value is made. Each time a
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message is received, the local solver restarts with a new right hand side and
uses the latest iterate vector as the initial guess. After that, the PDE solver
computes the local solution. Each time a subdomain solver converges, a new
set of values is communicated to other processors. Practically, local convergence detection is based on the norm of the local residual. This parallel process
is performed until global convergence. Our global termination procedure is
based on two rules:
1. when a processor reaches convergence on its subdomain, the set of values
that need to be sent must be sent only once;
2. restart is required only when local convergence is violated after a boundary
update.
To summarize, each processor must count how many messages are sent and
received as Schwarz iterations progress. These messages accounts can be
collected by a master processor with an asynchronous gathering protocol. The
convergence of asynchronous Schwarz algorithm will lead to the following
situation: no new message is sent thanks to the former rules. Finally, global
termination occurs when sent messages count equals received messages count
and all processors have reached local convergence.
If global convergence is detected, then computations can be terminated and
resources can be freed. All persistent communication requests are cancelled.
Note that cancellation of send requests must occur before cancellation of
receive requests; otherwise data exchange based on rendezvous mechanism
may fail. For more details on the implementation of asynchronous iterative
schemes of computation, the reader is referred to [9]. From a mathematical
point of view, this implementation of the stopping criterion of the parallel
asynchronous iterative process is based on the study presented in [18]. Indeed,
in the context of perturbed computations by round-off errors, this previous
study uses the fact that the components of the successive iterates belong to
nested sets centered on the solution; then the parallel asynchronous iterative
process stops when the diameter of the nested sets is smaller than a given
tolerance.
Implementation of parallel synchronous iterative schemes of computation
was based on the blocking reception of boundary values. The termination
order of communications requests is totally handled with MPI facilities. It is
not necessary to provide additional information about synchronous Schwarz
alternating method, since its implementation and message passing issues
between the processors are straightforward in this case. Reference is made
to [9] for implementation details concerning parallel synchronous iterative
algorithms.
5.3 Schwarz simulation results
Parallel simulations have been performed on a cluster located at the IRIT ENSEEIHT laboratory in Toulouse; this cluster is constituted by eight
Sun-Blade 1500 equipped with 1.5 Ghz Sparc III processors connected via
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Fig. 4 Elapsed time of parallel experiments for two values of the time step (a, b)

a 100 Mbits/s ethernet network. The measure of performances has been
performed for the processing of a synthetic ultrasound image, that admits
1024 × 1024 pixels; then the size of the algebraic system to invert is 1044484.
In the parallel simulations the number of processors used is limited to eight.
Note that the simulations are performed twice; once using a small time step
τ = 0.1 and once using a larger one equal to τ = 10. Figure 4a and b show
the computation time when several processors are used for respectively the
small and the large time step. Similarly, Fig. 5a and b show the speed-up
according to the number of processors used, for the two considered time step.
The results of parallel simulation when τ = 0.1, are summarized in Tables 2
to 4; Table 2 gives the elapsed time necessary for convergence for sequential,
parallel synchronous and asynchronous Schwarz alternating methods; Table 3
gives the speed-up of the synchronous and asynchronous methods and in the
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Table 2 Dedicated C.P.U. time (sec.) with τ = 0.1 for computation of 1024 × 1024 synthetic image
Nb proc.
1
2
3
4
5
6
7
8

Semi-implicit
Asynchronous

Synchronous

Gear semi-implicit
Asynchronous

Synchronous

−
28.38 s.
20.84 s.
16.53 s.
13.56 s.
11.34 s.
9.97 s.
8.75 s.

25.86 s.
20.52 s.
13.92 s.
10.42 s.
8.51 s.
7.07 s.
6.07 s.
5.47 s.

−
27.74 s.
20.37 s.
15.55 s.
12.88 s.
10.95 s.
9.57 s.
8.35 s.

21.79 s.
18.83 s.
12.68 s.
9.59 s.
7.75 s.
6.71 s.
5.65 s.
4.96 s.

same framework, Table 4 gives the efficiencies of the implemented algorithms.
Recall that the speed - up and the efficiency are defined as follows
Speed - up =

Speed - up
Sequential time
and Efficiency =
Parallel Time
Number of Processors

The parallelization of the Schwarz alternating method globally leads to good
efficiencies, particularly in the synchronous context when the time step size is
small. Indeed, when the number of processors increases, the elapsed time of
computation signifiantly decreases, which proves that the parallelization of the
Schwarz alternating method is efficient. For example, when eight processors
are used, the elapsed time is divided by a factor between four and five. The
elapsed time obtained for the synchronous Schwarz alternating method is
about one third less than the asynchronous one. This is mainly due to the fact
that only additive asynchronous Schwarz alternating method is implemented
here. Experimental results also show that the use of parallel synchronous and
asynchronous Schwarz alternating method is interesting for the process of
large images.
As previously said, we have tested several variants of the Schwarz alternating methods with various values of the time step in order to observe
the behaviors of synchronous and asynchronous algorithms, according to the
spectral radius of the contraction matrix given by (33). According to Remark 7,
when the time step size is small, the spectral radius of the contraction matrix
Table 3 Speed - up with τ = 0.1 for computation of 1024 × 1024 synthetic image
Nb proc.
1
2
3
4
5
6
7
8

Semi-implicit
Asynchronous

Synchronous

Gear semi-implicit
Asynchronous

Synchronous

−
0.91
1.24
1.56
1.91
2.28
2.59
2.96

1
1.26
1.86
2.48
3.04
3.66
4.26
4.73

−
0.79
1.07
1.40
1.69
1.99
2.28
2.61

1
1.16
1.72
2.27
2.81
3.25
3.86
4.39
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Table 4 Efficiency with τ = 0.1 for computation of 1024 × 1024 synthetic image
Nb proc.
1
2
3
4
5
6
7
8

Semi-implicit
Asynchronous

Synchronous

Gear semi-implicit
Asynchronous

Synchronous

−
0.46
0.41
0.39
0.38
0.38
0.37
0.37

1
0.63
0.62
0.62
0.61
0.61
0.61
0.59

−
0.39
0.36
0.35
0.34
0.33
0.33
0.33

1
0.58
0.57
0.57
0.56
0.54
0.55
0.55

given by (33) is small. In this case all sequential and parallel variants of the
Schwarz alternating method converge with a small number of iterations. In
such a case, due to fast convergence, the overhead to restart the processors
damages the performances of the parallel asynchronous algorithms and the
concept of asynchronism loses interest in the case of the considered additive
implementation.
When an artificially large value of the time step τ is chosen, due to unconditional stability of the semi-implicit scheme and of the Gear semi-implicit
scheme, the medical image is restored in a satisfactory way. Nevertheless, in
such case, the spectral radius of the contraction matrix is large, and the parallel
synchronous or asynchronous Schwarz alternating methods converge with a
larger number of iterations. In this context, the impact of the overhead decreases and synchronous or asynchronous Schwarz alternating methods have
comparable performances, even if the synchronous variant is slightly more
efficient.
In addition, Gear time discretization scheme leads to matrix with better
spectral radius of the contraction matrix than the semi-implicit scheme. The
algorithms also converge in fewer iterations. From a general point of view,
experiments show that asynchronous algorithms behave more efficiently when
the spectral radius of the contraction matrix is worse. In other words, fast
convergence does not favour asynchronous iterations, since fewer iterations
means less overhead due to synchronization, restart and termination.
Note that, in the case of image processing, the domain Ω is included in
the two dimensional space; then each communication or reception consists
in transmitting about one thousand real numbers, i.e. eight thousand bytes
when the computation are performed in double precision. If the domain is
included in the three dimensional space, then the use of asynchronous Schwarz
alternating method could reduce more significantly the idle times due to
synchronizations and improve the performance of asynchronous Schwarz alternating methods. Consequently, in the two dimensional case the small size of
messages is an additional explanation of the cut of performance of the parallel
asynchronous Schwarz alternating method compared to the synchronous one
(see [9]).

Numer Algor (2009) 51:85–114

113

In all cases, at each time step, it is necessary to compute the median of the
local coefficient of variation. Due to the overlapping between the subdomains,
a sequential handling, particularly a sequential sort, is necessary to keep a
global coherency of the informations. It is important to note that the sequential
part included in the parallel processing is irreducible and that it affects the
performances of the parallel implementation.
For both semi-implicit schemes, particularly when the time step is small,
sequential runs need few iterations to converge. Indeed, when τ = 0.1, the
sequential Schwarz alternating method needs about 8 iterations at each time
step to converge. Few iterations are also necessary to achieve convergence in
the parallel runs of the considered subdomain method. Note that the parallel
asynchronous iterative implementation of the Schwarz alternating method
leads to slightly more iterations than the synchronous implementation. When
τ = 0.1, the parallel synchronous Schwarz alternating method needs 10 to 12
iterations at each time step size, while the asynchronous Schwarz alternating
method needs 14 to 18 iterations. This experimental result confirms that the
parallel asynchronous iterative implementation of the Schwarz alternating
method leads to slightly more iterations than the synchronous one. The same
behavior can be observed when the time step is large; however, in this case, the
number of iterations is larger.
Note also that when the number of processors increases, the efficiency is
practically constant in both cases of semi-implicit scheme and Gear semiimplicit scheme.
Finally, note that when the number of processors increases, the efficiencies
of synchronous and asynchronous iterative methods have the same variations.
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